In the present paper, we investigate the propagation of a massive spin-3 2 field, aiming at a direct application in hadronic models of the pion-nucleon (πN ) interaction. Suitable expressions for the contributions to the standard invariant amplitudes A and B are derived, applicable in the general case of isospin decomposition. We first deal with the details of the lengthy calculation involving the Rarita-Schwinger propagator and confirm the validity of the expressions which had appeared in the literature in the early 1970s. We subsequently derive the corresponding contributions when following two other approaches, one featuring the Williams propagator, the other being known as Pascalutsa's method.
Introduction
The treatment of Feynman graphs (simply 'graphs' hereafter), involving virtual fermions with spin J >
In the present paper, we will make use of the following notation and conventions.
• The speed of light in vacuum c is equal to 1.
• Einstein's summation convention is used.
• I n denotes the n × n identity matrix.
• g µν denotes the Minkowski metric with signature '+ − − −'.
• The isospin operators of the nucleon and of the pion are denoted by 1 2 τ and t.
• γ µ (µ = 0, 1, 2, 3) are the standard Dirac 4 × 4 matrices, satisfying the relation {γ µ , γ ν } = 2g µν I 4 .
• m p and m c denote the masses of the proton and of the charged pion.
• s, u, and t are the standard Mandelstam variables; we also make use of the Mandelstam variable ν, defined as
• For a 4-vector a, a = γ µ a µ ; the corresponding 3-vector (i.e., the vector of the spatial components of the 4-vector a) is denoted by a.
• T stands for the pion laboratory kinetic energy. Supposing that the nucleon (a proton target is assumed) is initially at rest in the laboratory system, the relation between s and T is: s = (m p + m c ) 2 + 2T m p .
• CM stands for the centre of mass.
• The total energy W in the CM frame obeys the relation: s = W 2 .
• p and q are the 4-momenta of the nucleon and of the incident pion in the CM frame, which is defined by p + q = 0.
• p ′ and q ′ are the 4-momenta of the scattered nucleon and of the scattered pion in the CM frame; of course, p ′ + q ′ = 0.
• θ denotes the scattering angle in the CM frame.
Energy-momentum conservation enforces the relation p+q = p ′ +q ′ . For elastic scattering, q 0 = q ′ 0 (consequently, p 0 = p ′ 0 ).
The present paper is organised as follows. Section 2 provides a summary of the historical developments regarding the propagation of ∆(1232) in the context of the πN interaction. Section 3 provides useful details for the calculation of the corresponding contributions to the scattering amplitude, the separation of the effects into pole and non-pole parts, and the isospin decomposition of the resulting amplitudes. In Sections 4, 5, and 6, details are given regarding the lengthy calculation of the contributions to the standard invariant amplitudes A and B, using three approaches, featuring the Rarita-Schwinger propagator, the propagator which Williams introduced in the mid 1980s, and the method which Pascalutsa proposed in the late 1990s; suitable expressions are given, applicable in the general case of isospin decomposition of the scattering amplitude. In Section 7, we compare the invariant amplitudes, obtained with these three approaches, and briefly discuss a few obvious differences. Section 8 contains a summary of the main findings of the present work.
The ∆(1232) and the πN∆ interaction
The need to determine the contributions to the scattering amplitude of graphs with a ∆(1232) intermediate state originally served as the main motivation for developing methods of treating the propagation of massive spin- 3 2 fields. It thus appears natural to unfold the relevant historical developments bearing the ∆(1232) in mind.
The first attempts to construct the massive spin- 3 2 propagator date back to the late 1930s [1] and early 1940s [2] . The propagator, then obtained, has been known in the literature as the 'Rarita-Schwinger propagator'; it comprises spin- 3 2 and spin- 1 2 contributions, and contains an arbitrary (in general, complex) parameter A = − 1 2 . In the mid 1980s, Williams proposed a propagator which did not contain spin- 1 2 components [3] , but shortly afterwards Benmerrouche, Davidson, and Mukhopadhyay [4] argued that, as it has no inverse, the 'Williams propagator' cannot be correct. Other propagators appeared in the late 1990s, without [5, 6] and with [7] spin- 1 2 contributions. In the analyses after (and including) Ref. [8] , we have followed the Rarita-Schwinger formalism, as presented in Ref. [9] , with A = −1. (This choice for A eliminates part of the spin- 1 2 contributions.)
The interaction Lagrangian density
introduces two parameters: the coupling constant 1 g πN ∆ and the parameter Z associated with the vertex factor
In Eq. (2), Ψ µ stands for the spinor-vector field of the ∆(1232); the spinor index is suppressed. T is the transition operator between the total-isospin I = states. The parameter Z has also been associated with the spin- 1 2 contributions to the ∆(1232) field 2 , entering the scattering amplitude via the πN∆ interaction vertex (rather than directly, i.e., via the ∆(1232) propagator). In general, Z is complex [9] , but herein it will be assumed to be real; we are not aware of works, in which the quantities A and Z have been treated as complex parameters.
The fixation of the parameter Z from theoretical principles has been explored in a number of studies. To start with, using the subsidiary condition γ µ Θ µν = 0, Peccei suggested the use of Z = − 1 4
[13], whereas Nath, Etemadi, and Kimel [14] recommended Z = . However, it was argued in Ref. [4] that the Z = 1 2 choice leads to unexpected properties of the ∆ radiative decay. Höhler [9] assumed a cautious attitude regarding the arguments in favour of such 'theoretical preferences', thus hinting at the extraction of the value of Z from measurements. Although Z has been treated as a free parameter thus far, the results of our partial-wave analyses (PWAs) of the π ± p elasticscattering data favour the case Z = − Leaving out, for a moment, the isospin decomposition of the πN scattering amplitude, the contributions of a graph (of a hadronic model) to the T -matrix element in the CM frame are put in the form:
where u(p) is the Dirac spinor associated with the plane-wave of a nucleon with 4-momentum p;ū(p) = u † (p)γ 0 is the conjugate spinor, whereas u † (p) is the conjugate transpose of u(p). The subscripts i and f refer to the nucleon spin and isospin in the initial and final state, respectively. The functions A and B in Eq. (4) represent the contributions of the specific graph to the scattering amplitude; A and B are functions of two (independent) Mandelstam variables, which may be chosen at will. To facilitate the comparison of our expressions with other works, chosen herein are the Mandelstam variables s and t. A thorough description of the formalism, used in the present paper, may be found in Ref. [10] ; the isospin-even or isoscalar (denoted by the superscript '+') and isospin-odd or isovector (denoted by the superscript '−') amplitudes are defined therein, in the beginning of Section 3.
The s-channel contribution to the T -matrix element in the CM frame reads as:
where the propagator Π µν (P ) of the massive spin- intermediate state (denoted as R) has the form:
in Eqs. (5) and (6), P denotes the 4-momentum of the massive spin-
intermediate state (in the s channel, P = p + q), m R its mass, and P µν (P ) the spin-projection operator associated with the propagator Π µν (P ). Using Eq. (6), along with the definition of the Mandelstam variable s, one may rewrite Eq. (5) as:
The u-channel contributions to the T -matrix element in the CM frame may be derived from Eq. (7) via the standard substitutions: s → u, q → −q ′ , and
τ · t for the u-channel graph; in the latter case, the combinations are: 1 − τ · t for the s-channel graph and 1 + τ · t for the u-channel graph. To facilitate the use of our results, expressions will be derived for the general isospin decomposition, α + β τ · t for the s-channel graphs and α − β τ · t for the u-channel graphs. To adapt our expressions to πN scattering, one must use α = The separation of the contributions to the scattering amplitude into pole and non-pole parts is rather subtle. In the framework of Refs. [9, 14] , the s-channel contributions to the invariant amplitudes A and B are functions of the Mandelstam variables s and t, and may be put in the form of a sum of three terms, each containing a different power of s − m (Regarding the u-channel contributions, the previous comment holds after substituting s with u.) The separation of the contributions into pole and non-pole parts depends on the choice of the independent variables in the problem. For instance, if one chooses to use s and cos θ (instead of s and t), some terms categorised within the pole part will be transferred to the nonpole contributions. As earlier mentioned, the choice of s and t as independent variables in the present paper facilitates the comparison of our results with the standard literature, namely with the expressions of Refs. [9, 14] (for the Rarita-Schwinger propagator).
The Rarita-Schwinger propagator
In the Rarita-Schwinger formalism, the operator P µν (P ) has the form:
Before advancing to the technicalities of the calculation, we will briefly comment on the structure of the Rarita-Schwinger propagator. To this end, we will follow the established approach and put P RS µν (P ) in the form:
where all the expressions for the operators (P 1/2 mn ) µν (P ), as well as for P 3/2 µν (P ), may be found in Ref. [7] . P 3/2 µν (P ) projects onto pure spin- 3 2 states and is denoted in Ref. [7] as D µν (P ) (see Eq. (7) (9) of Ref. [7] ) is the projector associated with the (0, Prior to entering the details of the calculation, it must be mentioned that the expressions for the pole and non-pole contributions of the ∆(1232) graphs (Figs. 1) to the invariant amplitudes A and B may be found in Ref. [9] , pp. 562 and 564. Due to a sign-convention difference, the contributions to the isovector invariant amplitudes A − and B − of the present paper are opposite to those of Ref. [9] . The isoscalar invariant amplitudes A + and B + have the same sign. The expressions had appeared earlier in Ref. [14] , but the concise formulae of Ref. [9] are more attractive for a compact implementation 3 . The main goal in the present section is the verification of the expressions given in Refs. [9, 14] .
The s-channel contributions
As mentioned at the end of Section 3, the contributions will be split into pole (inversely proportional to s − m 2 R ) and non-pole (all else) terms. For 3 The reader must also bear in mind that, compared to Ref. [9] , the invariant amplitudes B are defined with an opposite sign in Ref. [14] .
the sake of brevity, in the contributions of Subsections 4.1.1-4.1.4, the factor
2 , appearing on the rhs of Eq. (7), is suppressed.
The contributions of the first term

Pole contributions to the invariant amplitude
Pole contributions to the invariant amplitude B
Non-pole contributions to the invariant amplitude A a s,np;
Non-pole contributions to the invariant amplitude B
The contributions of the second term
Pole contributions to the invariant amplitude A a s,p;2 = − 1 + 4z
Non-pole contributions to the invariant amplitude A a s,np;2 = − 1 + 4z
The contributions of the third term
Pole contributions to the invariant amplitude A a s,p;3
The contributions of the fourth term
Pole contributions to the invariant amplitude A
Non-pole contributions to the invariant amplitude A a s,np
Sums of the s-channel contributions
The s-channel contributions to the invariant amplitudes A and B may be obtained from the results listed in Subsections 4.1.1-4.1.4 via the expressions.
After some algebraic operations, one obtains:
where
denotes the total CM energy of the nucleon at the resonance position (s = m 2 R ). Interestingly, the Z-dependence disappears when summing up the pole contributions to the invariant amplitude A, detailed in Eqs. (11), (15), (19), and (23). In fact, the Z-independence is a common characteristic of all pole contributions of Section 4; in this respect, all pole contributions to the invariant amplitudes A and B are unique.
Expression (31) can be simplified further. The following compact formula for A s,p may be obtained after including the isospin structure [9] :
with
where | q R | is the (modulus of the) CM momentum at s = m 2 R . In particular, for the s-channel graph with a ∆(1232) intermediate state, one obtains:
The sum on the rhs of Eq. (28) reads as:
which leads to
In particular, for the s-channel graph with a ∆(1232) intermediate state, one obtains:
The final expression for A s,np reads as:
The final expression for B s,np reads as:
The u-channel contributions
Similarly to Subsection 4.1, the u-channel contributions will be split into pole (inversely proportional to u − m 
Non-pole contributions to the invariant amplitude B b u,np;1 = 2z 
Non-pole contributions to the invariant amplitude A a u,np; 
Sums of the u-channel contributions
The u-channel contributions to the invariant amplitudes A and B may be obtained, using the results detailed in Subsections 4.2.1-4.2.4, via the expressions.
As a u,p;n = a s,p;n in all cases,
where α 1 and α 2 are defined in Eqs. (33) and the isospin structure has now been included. In particular, for the u-channel graph with a ∆(1232) as intermediate state, one obtains:
As b u,p;i = −b s,p;i in all cases,
where β 1 and β 2 are defined in Eqs. (37). In particular, for the u-channel graph with a ∆(1232) as intermediate state, one obtains:
The final expression for A u,np reads as:
The final expression for B u,np reads as:
Final expressions for the Rarita-Schwinger propagator
The expressions for the pole contributions to the invariant amplitudes A and B are given by Eqs. (32) and (36) for the s-channel graph, and by Eqs. (61) and (63) for the u-channel graph. As earlier mentioned, inasmuch as they do not depend on the parameter Z, these contributions are unique. The sums of the s-and u-channel contributions are put in the concise forms:
and
We now come to the expressions for the non-pole contributions to the invariant amplitudes A and B.
Concerning the invariant amplitudes A, the sums of the s-channel of Eq. (39) and u-channel of Eq. (65) contributions read as:
To somewhat compactify the expressions, the variable Y was introduced [9] according to the equation:
Using Eq. (71), one may put Eqs. (69) and (70) in the forms:
The Mandelstam variable ν has been defined in Eq. (1).
Regarding the invariant amplitudes B, the sums of the s-channel of Eq. (40) and u-channel of Eq. (66) contributions lead to:
The final expressions of this subsection agree with the formulae of Refs. [9, 14] , which (up to the present time) had been used in the ETH model of the πN interaction [8, 10, 15] without verification. In this paper, we gave all the contributions in a form which facilitates their use in the general case of isospin decomposition of the scattering amplitude. It is now easy to understand the somewhat peculiar factors which had been applied to the pole and non-pole contributions of the ∆ amplitudes in Ref. [10] (see Subsection 3.5.3 therein), in order to determine the contributions of the graphs with an N(1720) intermediate state. As an example, in order to obtain the conversion factor for the non-pole isovector part of the invariant amplitudes A and B, one must first 'undo' the isospin decomposition of the ∆(1232) in that part; this implies a multiplication by 3 (as the factor originally applied had been β = . Subsequently, one must multiply by −1, i.e., the appropriate β value for an N-type isospin decomposition. Therefore, the overall factor is equal to 3 · (−1) = −3. . In this context, it is interesting to mention that, for a long time, the results of the fits to meson-factory low-energy π ± p elasticscattering data (see Ref. [10] and the relevant references therein) have been compatible 4 with the solution Z = − ).
The Williams propagator
The operator P µν (P ), corresponding to the Williams propagator, is:
where P 3/2 µν (P ) has been introduced in Eq. (10) . It satisfies
The relative weakness of the contributions to the invariant amplitudes of the terms which are linear in Z, in conjunction with the significant correlations which are present among the model parameters during the optimisation (especially when the floating of the experimental data sets is allowed), leads to a weak dependence of the χ 2 value on the sign of the parameter Z; the analysis of the results of the fits at fixed Z values demonstrated that the χ 2 function is nearly symmetric around Z = 0, creating two deep local minima, one around Z = and
On the whole, the calculations of the contributions to the scattering amplitude with the Williams propagator are significantly shorter (and less tedious) than in the Rarita-Schwinger case.
The s-channel contributions
Once again, explicit results will be given for each of the four terms comprising the operator of Eq. (76). For brevity, these contributions will be split into pole and non-pole parts at a later stage, after listing the u-channel results. In the contributions of Subsections 5.1.1-5.1.4, the factor
2 , appearing on the rhs of Eq. (7), is suppressed. 
The contributions of the first term
The contributions of the fourth term
Contributions to the invariant amplitude A
Contributions to the invariant amplitude B
Final expressions for the Williams propagator
The pole contributions to the invariant amplitude A may be put in the convenient form
where the coefficient α 2 is defined in the second of Eqs. (33); α Similarly,
where the coefficient β 2 is defined in the second of Eqs. (37); β The final expressions for the non-pole contributions to the invariant amplitudes A read as:
The final expressions for the non-pole contributions to the invariant amplitudes B read as:
The partial-wave amplitudes obtained with the Williams propagator may be found in Appendix B.
Pascalutsa's method
In Refs. [5, 6] , Pascalutsa argued that the vertex factor of Eq. (3) (in his papers, the 'inconsistent coupling') must be corrected in order to obey the physical degrees of freedom counting, thus leading to what he considered to be the 'consistent coupling'. In Ref. [6] , he demonstrated that these two types are related via a redefinition of the massive spin- 3 2 field. From the practical point of view, the use of the 'consistent coupling' along with the operator P The pole part of the invariant amplitudes A and B is identical to the RaritaSchwinger forms, given by Eqs. (67) and (68), respectively. The partial-wave decomposition of the pole part of the scattering amplitude for the RaritaSchwinger propagator may be found in Ref. [10] .
The final expressions for the non-pole contributions to the invariant amplitudes A read as:
One can show that the isoscalar part of the πN scattering amplitude, obtained in Pascalutsa's method, is identical to the one obtained with the RaritaSchwinger propagator and Z = .
The partial-wave amplitudes (non-pole contributions), obtained in Pascalutsa's method, may be found in Appendix C.
Comparison of results obtained in the three approaches
In the present section, we will compare the invariant amplitudes A and B of the ∆(1232) graphs (Figs. 1) , obtained in Sections 4, 5, and 6. This comparison will involve the same fixed value of the coupling constant g πN ∆ , taken from a fit of the ETH model to low-energy π ± p elastic-scattering data [10] ; the value of the parameter Z, entering the Rarita-Schwinger amplitudes, will be taken from the same fit. The fitted g πN ∆ and Z results for m σ = 475 MeV (i.e., for the central value of the recommended range for the σ-meson mass [16] , see Ref. [10] for details) are 29.81 and −0.565, respectively. All other physical constants needed in the comparison have been fixed from Ref. [16] . Of course, a more meaningful comparison should rather involve the fitted values of the coupling constant g πN ∆ , obtained from separate fits to the low-energy data of Ref. [10] , using the Williams propagator and Pascalutsa's method (instead of the Rarita-Schwinger propagator); however, this work is left for the future.
Using as reference the invariant amplitudes A and B of the ∆(1232) graphs obtained with the Rarita-Schwinger propagator (shown in Figs. 2) , we estimated the limits of the relative differences in the low-energy region (T ≤ 100 MeV) for the other two treatments investigated in the present paper; these limits are shown in Table 1 . Each difference is defined as f (s, t)/f RS (s, t) − 1, where f (s, t) stands for the value of one amplitude (i.e., of A + , A − , B + , or B − ), obtained with the Williams propagator or in Pascalutsa's approach, at the specific (s,t) point, and f RS (s, t) is the corresponding result obtained with the Rarita-Schwinger propagator. The largest relative differences in Table 1 correspond to the isovector part of the πN scattering amplitude obtained in Pascalutsa's method. The absolute differences δf (s, t) = f (s, t) − f RS (s, t) are shown in Figs 
In view of the fact that, in our PWAs of the low-energy π ± p elastic-scattering data, the fitted values of the parameter Z come out close to Z = − 1 2 (i.e., signifying sizeable contributions to the s waves), the reproduction of the experimental data on the basis of the Williams and Pascalutsa approaches merits an investigation; however, such an analysis goes beyond the narrow score of the present paper.
It is worth mentioning that the contributions of the graphs, involving a massive spin- 
Σ RS turns out to be independent of Z. The same result is obtained in Pasca-lutsa's method. The result obtained with the Williams propagator is:
Summary
In the present paper, we set on investigating the propagation of a massive spin-
intermediate state, aiming at a direct application in hadronic models of the pion-nucleon (πN) interaction. To facilitate the use of our results, suitable expressions have been given, applicable in the general case of isospin decomposition of the scattering amplitude; this is enabled via the use of two quantities in the expressions, α (pertaining to the isoscalar contributions) and β (pertaining to the isovector contributions).
In Section 4, we dealt with the details of the lengthy derivation of the contributions to the standard invariant amplitudes A and B using the RaritaSchwinger propagator; the final results for this propagator have been known since a long time, yet a) the details of the calculation had not appeared in the original papers and b) we are not aware of any attempts to verify the validity of the expressions found in the literature. After repeating the calculation, we confirmed the expressions for the amplitudes given in Nath et al. [14] and Höhler [9] .
In Sections 5 and 6, we derived the contributions to the invariant amplitudes A and B following two other approaches, namely using the Williams propagator [3] , which was introduced in the mid 1980s, and the method which Pascalutsa [5, 6] proposed more recently. Detailed expressions for these contributions are given in a form which can easily be used in other works.
In Section 7, the results obtained in the low-energy region for the invariant amplitudes A and B of the ∆(1232) graphs (Figs. 1) , in the three approaches investigated herein, are compared at fixed g πN ∆ (Table 1 and Figs. 3) . Relative to the Rarita-Schwinger results, the largest differences observed pertain to the isovector part of the πN scattering amplitude in Pascalutsa's method. Finally, we give analytical expressions for the s-wave scattering lengths, as well as for the πN Σ term in the three treatments. Herein, we need the φ n (a, b) for n ≤ 4.
B.1 Pole contributions
The s-channel graph leads to the expressions. 2 ) must be used in the expressions listed in this appendix.
Finally, K
